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Topological Kondo insulators are strongly correlated materials, where itinerant electrons hy-
bridize with localized spins giving rise to a topologically non-trivial band structure. Here we
use non-perturbative bosonization and renormalization group techniques to study theoretically a
one-dimensional topological Kondo insulator, described as a Kondo-Heisenberg model where the
Heisenberg spin-1/2 chain is coupled to a Hubbard chain through a Kondo exchange interaction in
the p-wave channel (i.e., a strongly correlated version of the prototypical Tamm-Schockley model).
We derive and solve renormalization group equations at two-loop order in the Kondo parameter,
and find that, at half-filling, the charge degrees of freedom in the Hubbard chain acquire a Mott
gap, even in the case of a non-interacting conduction band (Hubbard parameter U = 0). Further-
more, at low enough temperatures, the system maps onto a spin-1/2 ladder with local ferromagnetic
interactions along the rungs, effectively locking the spin degrees of freedom into a spin-1 chain with
frozen charge degrees of freedom. This structure behaves as a spin-1 Haldane chain, a prototypical
interacting topological spin model, and features two magnetic spin-1/2 end states for chains with
open boundary conditions. Our analysis allows to derive an insightful connection between topolog-
ical Kondo insulators in one spatial dimension and the well-known physics of the Haldane chain,
showing that the ground state of the former is qualitatively different from the predictions of the
naïve mean-field theory.
PACS numbers: PACS number: 73.20.-r, 75.30.Mb, 73.20.Hb, 71.10.Pm
I. INTRODUCTION
Starting with the pioneering works of Kane and Mele
[1, 2] and others [3–5], there has been a surge of interest
in topological characterization of insulating states [6–8].
It is now understood that there exist distinct symmetry-
protected classes of non-interacting insulators, such that
two representatives from different classes can not be adi-
abatically transformed into one another (without closing
the insulating gap and breaking the underlying symme-
try along the way). A complete topological classification
of such band insulators has been developed in the form
of a “periodic table of topological insulators” [9, 10]. Fur-
thermore, it was realized that the non-trivial (topologi-
cal) insulators from this table possess, as their hallmark
features, gapless boundary modes. The latter have been
spectacularly observed in a variety of experiments in both
three [11, 12] and two-dimensional systems [13–16].
The aforementioned classification however is limited
to non-interacting systems and as such it represents a
classification of single-particle band structures. Adding
interactions to the theory leads to significant complica-
tions. To understand and classify strongly-interacting
topological insulator phases in many-particle systems is
a fundamental open problem in condensed matter.
A class of material that combines strong interactions
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Figure 1. Schematic representation of the 1D “p-wave” Kondo-
Heisenberg model. The top chain corresponds to the Hubbard
model and the bottom chain is the S = 1/2 antiferromagnetic
Heisenberg model. The Kondo exchange (depicted pictorially
as slanted bonds with odd inversion symmetry) is a non-local
nearest-neighbor antiferromagnetic interaction JK > 0 which
couples a spin Sj in the Heisenberg chain with the “p-wave”
spin-density pij in the Hubbard chain [see Eq. (4)].
and non-trivial topology of emergent bands are topolog-
ical Kondo insulators (TKIs) [17]. A basic model of
these heavy fermion systems involves even-parity con-
duction electrons hybridizing with strongly correlated
f -electrons. At low temperatures, a hybridization gap
opens up and an insulating state can be formed. Its
simplified mean-field description makes it amenable to a
topological classification according to the non-interacting
theory, and a topologically-non-trivial state appears
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2due to the opposite parities of the states being hy-
bridized. Although the mean-field description (formally
well-controlled in the large-N approximation [18–20])
does appear to correctly describe the nature of the topo-
logical Kondo insulating states observed in bulk materials
so far [21–25], it is interesting to see if non-perturbative
effects beyond mean-field can qualitatively change the
mean-field picture.
In contrast to higher dimensions, where reliable theo-
retical techniques to treat strong interactions are scarce,
there exists a rich arsenal of such non-perturbative
methods for one-dimensional systems, where strongly-
correlated “non-mean-field” ground states abound. Since
the Kondo insulating Hamiltonian and its mean-field
treatment are largely dimension-independent, it is inter-
esting to consider the one-dimensional such model as a
natural playground to study interplay between strong in-
teractions and non-trivial topology.
With this motivation in mind, we study here a
strongly-interacting model of a one-dimensional topolog-
ical Kondo insulator, i.e., a “p-wave” Kondo-Heisenberg
model, introduced earlier by Alexandrov and Coleman
[26], who treated the problem in the mean-field approx-
imation. Here, we go beyond the mean-field level and
consider quantum fluctuations non-peturbatively using
the Abelian bosonization technique. It is shown that a
“topological coupling” between the electrons in the Hub-
bard chain and spins in the Heisenberg chain, gives rise to
a charge gap at half-filling in the former. The relevant in-
teraction between the remaining spin-1/2 degrees of free-
dom in the chains is effectively ferromagnetic, which locks
them into a state qualitatively similar to the Haldane’s
spin-1 chain. The ground state therefore is a strongly-
correlated topological insulator, which exhibits neutral
spin-1/2 end modes.
While our main motivation is essentially theoretical
(i.e., to allow a deeper understanding of strongly interact-
ing topological matter), we believe our results might have
direct application in ultracold atom experiments, where
double-well optical superlattices loaded with atoms in s
and p orbitals have been realized [27, 28]. In addition, our
work might have some relevance in recent experimental
results [29–31], which suggest the existence of a ferromag-
netic phase transition and/or suppressed surface charge
transport in samples of Samarium hexaboride (SmB6 – a
three-dimensional topological Kondo insulator).
This article is organized as follows: in Section II we
specify the model for a 1D TKI and introduce the Abelian
bosonization description. In Section III we present the
renormalization group analysis and discuss the quantum
phase diagram of the system. In Section IV we ana-
lyze the topological aspects of the problem and explain
the emergence of topologically protected magnetic edge-
states and in Section V we present a summary and discus-
sion of results. Finally, in the Appendix A we present the
technical derivation of the renormalization group equa-
tions.
II. MODEL
We start our theoretical description by considering the
Hamiltonian of the system depicted in Fig. 1, H = H1 +
H2 +HK , where
H1 = −t
Ns−1∑
j=1,σ
(
c†j,σcj+1,σ + H.c.
)
− µ
Ns∑
j=1,σ
nj,σ
+ U
Ns∑
j=1
(
nj↑ − 1
2
)(
nj↓ − 1
2
)
(1)
is a fermionic 1D Hubbard chain with Ns sites, where
nj,σ = c
†
j,σcj,σ is the density of spin-σ electrons at site
j, µ is the chemical potential, and U is the Hubbard
interaction parameter. In this work we will only focus
on the half-filled case µ = 0, where there is one electron
per site. However, we expect our results to remain also
valid for small deviations of half-filling. The spin chain
is described by the spin-1/2 Heisenberg model
H2 = J
Ns−1∑
j=1
Sj · Sj+1, (2)
with J > 0. Here we assume the same lattice parameter
a for both chains H1 and H2. Finally, motivated by the
work by Alexandrov and Coleman [26], we assume the
following exchange coupling between the two chains
HK = JK
Ns∑
j=1
Sj · pij , (3)
where JK > 0 is the Kondo interaction between the j−th
spin (Sj) in the Heisenberg chain and the p-wave spin
density in the fermionic chain at site j, defined as
pij ≡ p†j,α
(σαβ
2
)
pj,β , (4)
where pj,α ≡ (cj+1,α − cj−1,α) /
√
2 is a linear combina-
tion of orbitals with p-wave symmetry, and σαβ is the
vector of Pauli matrices. This model can be regarded
as a strongly interacting version of the Tamm-Shockley
model [32–34]. While for our present purposes, this is
an interesting “toy model” Hamiltonian that allows to
extract a useful insight into strongly interacting topolog-
ical phases, it could in principle be realized in ultracold-
atom experiments [see Sec.V) for details]. In the absence
of interactions in the fermionic chain (i.e., U = 0) and
in the large−N mean-field approximation, Alexandrov
3and Coleman have shown the emergence of topologically-
protected edge states arising from the non-trivial form of
the Kondo term (3) [26]. In their mean-field approach,
the effective description of the system corresponds to
non-interacting quasiparticles filling a strongly renormal-
ized valence band with a non-trivial topology, stemming
from the charge-conjugation, time-reversal and charge
U(1) symmetry of the effectively non-interacting Hamil-
tonian (see also Ref. [35] for a discussion of a closely
related system).
In this paper, our goal is to understand the emergence
of topologically protected edge-states without introduc-
ing any decoupling of the Kondo interaction, including
the interacting case, U 6= 0. We consider the case of
small U and JK . This is formally represented by lin-
earizing the non-interacting spectrum k = −2t cos ka in
the fermionic chain H1 around the Fermi energy µ = 0,
and taking the continuum limit where the lattice con-
stant a → 0. Then, the fermionic operators admit the
low-energy representation [36, 37]
cj,σ√
a
∼ eikF xjR1,σ (xj) + e−ikF xjL1,σ (xj) , (5)
where R1,σ (x) and L1,σ (x) are right and left moving
fermionic field operators, which vary slowly on the scale
of a. As we are interested in the edge-state physics, we
consider open boundary conditions c0,σ = cNs+1,σ = 0,
leading to the following constraints:
L1,σ (0) = −R1,σ (0) , (6)
L1,σ (Lc) = −ei2kFLcR1,σ (Lc) , (7)
where Lc = Nsa is the length of the chain. We next
introduce the Abelian bosonization formalism [36, 37]
R1,σ (x) =
F1,σ√
2piα
e−iφ1,R,σ(x),
L1,σ (x) =
F1,σ√
2piα
eiφ1,L,σ(x), (8)
where α is a short distance cutoff in the bosoniza-
tion procedure (we will take α = a hereafter).
In Eq. (8) φ1,λσ (x) (with λ = {R,L}) are
bosonic fields obeying the commutation rela-
tions [φ1,Rσ (x) , φ1,Rσ′ (y)] = ipisign (x− y) δσ,σ′ ,
[φ1,Lσ (x) , φ1,Lσ′ (y)] = −ipisign (x− y) δσ,σ′ , and F1,σ
are Klein operators which obey anticommutation re-
lations {F1,σ, F1,σ′} = δσ,σ′ , and therefore ensure the
correct anticommutation relations for fermions. Due
to the constraints (6) and (7) introduced by the open
boundary conditions, the right and left movers are not
independent, and obey the constraints
φ1,L,σ (0) = −φ1,R,σ (0) + pi, (9)
φ1,L,σ (Lc) = −φ1,R,σ (Lc) + 2kFLc − pi + 2qσpi. (10)
Here, qσ is an integer representing the occupation of
the “zero-mode” excitations, i.e., particle-hole excitations
with momentum k = 0 and total spin σ. Its presence in
Eq. (10) can be understood recalling that the expression
of the non-chiral bosonic field φ1,σ = (φ1,R,σ + φ1,L,σ) /2
is [38]
φ1,σ (x) =
pi
2
+ (kFLc − pi + piqσ) x
Lc
+
∞∑
n=1
sin (knx)√
n
(
αn,σ + α
†
n,σ
)
,
where kn ≡ pinLc with integer n > 0, and α†n,σ are
bosonic operators obeying the commutation relation[
αn,σ, α
†
m,σ′
]
= δn,mδσ,σ′ (see Refs. 38 and 39 for de-
tails). From here we obtain the additional commutation
relations [38]
[φ1,Rσ (x) , φ1,Lσ′ (y)] =

−ipiδσ,σ′ for 0 < x, y < Lc,
0 for x = y = 0,
−2piiδσ,σ′ for x = y = Lc.
(11)
The bosonization procedure applied to the 1D Hub-
bard model is standard and we refer the reader to text-
books for details [36, 37]. Introducing charge and spin
bosonic fields φ1,λσ = 1√2 [φ1c − λθ1c + σ (φ1s − λθ1s)]
(where the convention of signs λ = {R,L} = {+,−}
and σ = {↑, ↓} = {+,−} is implied), the 1D Hubbard
model at half-filling (i.e., kF = pi/2a) becomes [36]
H1 =
∑
ν=c,s
ˆ Lc
0
dx
[
v1ν
2piK1ν
(∂xφ1ν)
2
+
v1νK1ν
2pi
(∂xθ1ν)
2
]
− U
2 (pia)
2
ˆ Lc
0
dx
[
cos
(√
8φ1c
)
− cos
(√
8φ1s
)]
,
(12)
where the new fields obey the boundary conditions
φ1s (0) = 0, φ1s (Lc) =
pi√
2
(q↑ − q↓) , (13)
φ1c (0) =
pi√
2
, φ1c (Lc) =
√
2
(
kFLc − pi
2
)
+
pi√
2
(q↑ + q↓) ,
(14)
and the commutation relation [φ1,ν (x) , θ1,ν′ (y)] =
−ipi2 δν,ν′sign (x− y). From here, we conclude that the
field 1pi∂xθ1,ν (x) is the momentum canonically conju-
gated to φ1,ν (x).
4As is well-known, in 1D charge and spin excitations
generally decouple and the above Hamiltonian can be
split as H1 = H1c + H1s, with the first line describ-
ing independent Luttinger liquids for the charge and
spin sectors, which are characterized by charge (spin)
acoustic modes with velocities v1c = vF
√
1 + Ua/ (pivF )
(v1s = vF ), and Luttinger parameter controlling the de-
cay of correlation functions K1c = 1/
√
1 + Ua/ (pivF )
(K1s = 1) . The presence of the cosine terms in the sec-
ond line of (12) changes the physics qualitatively. In the
present work, we restrict our focus to the case U ≥ 0,
where the term ∼ cos (√8φ1c) is marginally relevant
in the renormalization-group sense, and opens a Mott
gap in the charge sector. At the same time, the term
∼ cos (√8φ1s) is marginally irrelevant at the SU(2) sym-
metric point, and the spin sector remains gapless [36, 37].
The bosonization of the Heisenberg chain H2 is also
quite standard and we refer the reader to the above-
mentioned textbooks [36, 37]. A usual trick consists in
representing the spin operators Sj by auxiliary fermionic
operators in a half-filled Hubbard model with interac-
tion parameter U ′  U . Therefore, while technically the
procedure is identical to Eq. (12), the charge degrees of
freedom in the bosonized Hamiltonian, H2, can be as-
sumed to be absent at the relevant energy scales of the
problem due to the Mott gap ∼ U ′. Then, ignoring the
charge degrees of freedom and irrelevant operators in Eq.
(12), and replacing the chain label 1→ 2, we obtain
H2 =
v2s
2pi
ˆ Lc
0
dx
[
(∂xφ2s)
2
+ (∂xθ2s)
2
]
. (15)
Finally, we bosonize the Kondo Hamiltonian. The p-
wave spin density in the fermionic chain and the spin
density in the Heisenberg chain are, respectively
pij
a
∼ 2
[
J1R (xj) + J1L (xj)− (−1)jN1 (xj)
]
, (16)
Sj
a
∼ J2R (xj) + J2L (xj) + (−1)jN2 (xj) , (17)
where JaR (x) = R†a,α (x)
(σα,β
2
)
Ra,β (x) and JaL (x) =
L†a,α (x)
(σα,β
2
)
La,β (x) (with a = 1, 2) are the smooth
components of the spin density, with bosonic representa-
tion
Jxaλ (x) =
1
2pia
cos
{√
2 [λφa,s (x)− θa,s (x)]
}
, (18)
Jyaλ (x) =
1
2pia
sin
{√
2 [λφa,s (x)− θa,s (x)]
}
, (19)
Jzaλ (x) = −
1√
8pi
[∂xφa,s (x)− λ∂xθa,s (x)] , (20)
where λ = R(L) corresponds to the plus (minus) sign, and where Na (x) = R†a,α (x)
(σα,β
2
)
La,β (x) + H.c., are the
staggered components
N1 (x) =
cos
[√
2φ1c (x)
]
pia
(
cos
[√
2θ1s (x)
]
,− sin
[√
2θ1s (x)
]
,− cos
[√
2φ1s (x)
])
, (21)
N2 (x) =
m2
pia
(
cos
[√
2θ2s (x)
]
,− sin
[√
2θ2s (x)
]
,− cos
[√
2φ2s (x)
])
, (22)
with m2 =
〈
cos
[√
2φ2c (x)
]〉
resulting from the inte-
gration of the gapped charge degrees of freedom in the
Heisenberg chain. Therefore, although the spin densi-
ties (16) and (17) look similar in the bosonized language,
they actually differ in two crucial aspects: 1) while in
Eq. (22) the charge degrees of freedom are absent in the
expression of the staggered magnetization, they are still
present in (21) in the term cos
(√
2φ1c (x)
)
and we need
to consider them. 2) Comparing Eqs. (16) and (17), we
note a sign difference in the staggered components. This
sign is related to the p-wave nature of the operators pj,σ,
and is therefore intimately connected to the topology of
the Kondo interaction. The role of this sign turns out to
be crucial in the rest of the paper.
Replacing the above results into Eq. (3), and taking
the continuum limit, the Kondo interaction becomes in
the bosonic language
HK ∼ 2JKa
ˆ Lc
0
dx
[ ∑
λ,λ′=L,R
: J1λ (x) · J2λ′ (x) :
− : N1 (x) ·N2 (x) :
]
, (23)
5where the sign in the second line is a consequence of the
above mentioned sign in the staggered part of pi (x).
Note that this model is reminiscent of the (non-
topological) 1D Kondo-Heisenberg model, which has re-
cently received much attention in the context of pair-
density wave ordered phases in high-Tc cuprate physics
[40–46], and to the Hamiltonian of a spin-1/2 ladder
[38, 47–49]. However, a crucial difference with those
works is the non-trivial structure of the Kondo interac-
tion, which differs from the usual coupling ∼ JKSj · sj ,
where sj ≡ c†j,α
(σαβ
2
)
cj,β is the standard (i.e., s-wave in
this context) spin density in the fermionic chain. The first
line in (23) is in fact closely related to the model consid-
ered in Refs. [41–45]. In the half-filling situation we are
analyzing here, however, the most relevant part of HK
(in the RG sense) is given by the product N1 (x) ·N2 (x),
which dominates the physics at low energies [38, 47–49].
The term N1 (x) ·N2 (x) only survives at half filling, and
when both chains have the same lattice parameter (in
other situations, the oscillatory factors e±i2kF x suppress
this term, and the situation corresponds to the case an-
alyzed in Refs. [41–45]). Therefore, for our present pur-
poses, we can neglect the first term in Eq. (23) and focus
on the second term
HK ≈ −2JKa
ˆ Lc
0
dx N1 (x) ·N2 (x) ,
= −2JKm2
pi2a
ˆ Lc
0
dx cos
(√
2φ1c
)
[
cos
(√
2θ1s
)
cos
(√
2θ2s
)
+ sin
(√
2θ1s
)
× sin
(√
2θ2s
)
+ sin
(√
2φ1s
)
sin
(√
2φ2s
)]
. (24)
At this point we note that the problem is reminiscent of
the well-known case of S = 1/2 ladders with open bound-
ary conditions [38, 48], with the important difference that
here there is an extra factor ∼ cos (√2φ1c).
The physics of the spin sector [i.e., term in square
brackets in (24)] is quite non-trivial due to the pres-
ence of both the canonically conjugate fields φa,s (x) and
θa,s (x), which cannot be simultaneously stabilized. How-
ever, the analysis of the charge sector is simpler, as only
the field φ1c (x) appears in the expression. This means
that in the limit JK → ∞ the system can gain en-
ergy by “freezing out” the charge degrees of freedom, i.e.,
m1 =
〈
cos
[√
2φ1c (x)
]〉
, as there is no other competing
mechanism. In the next Section we substantiate these
ideas by providing a rigorous analysis.
III. RENORMALIZATION-GROUP ANALYSIS
Based on the similarity with the physics of spin lad-
ders, we introduce symmetric and antisymmetric fields
φ± = 1√2 (φ1s ± φ2s) and θ± = 1√2 (θ1s ± θ2s), in terms
of which the Hamiltonian becomes
HK = −JKm2
pi2a
ˆ Lc
0
dx cos
(√
2φ1c
)
× [− cos (2φ+) + cos (2φ−) + 2 cos (2θ−)] , (25)
In what follows, we assume identical spinon dispersion
v1s = v2s = vs. Although this assumption is certainly an
idealization, one can show that the asymmetry δv ≡ v1s−
v2s is an irrelevant perturbation in the renormalization-
group sense, and therefore we do not expect that small
asymmetries will have a qualitative effect on our results.
We now write the Euclidean action of the system using
complex space-time coordinates z = vF τ + ix and z =
vF τ−ix, with τ = it the imaginary time, and the left and
right fields φν = (φνL + φνR) /2, where {ν = +,−, 1c}.
The Euclidean action becomes:
S = S0 + SU + SK , (26)
S0 = − 1
4pi
ˆ
d2r
{
(∂zφcL)
2
+ (∂zφcR)
2
+
∑
ν=±
[
(∂zφνR)
2
+ (∂zφνR)
2
]}
, (27)
SU = G2c
ˆ
d2r O2c (r) +G3
ˆ
d2r O3 (r) , (28)
SK = GK
ˆ
d2r√
a
OK (r) , (29)
with d2r = vF dxdτ , and where we have defined the di-
mensionless couplings:
G02c = G
0
3 =
Ua
pivF
, G0K =
JKm2a
pivF
(30)
and the scaling operators:
O2c =
1
4pi
∂zφ1cL∂zφ1cR, (31)
O3 = −2pi
L2
: cos
(
2
√
2φ1c
)
: , (32)
OK = −
√
2pi
L3/2
: cos
(√
2φ1c
)
[− cos (2φ+)
+ cos (2φ−) + 2 cos (2θ−)] : , (33)
where we have explicitly normal-ordered the operators.
S0 corresponds to a free fixed-point action, and SU and
SK are perturbations arising from the Hubbard repulsion
in chain 1 and the Kondo inter-chain interaction, respec-
tively. We have neglected all the perturbations in the
spin sector generated by U , as they renormalize to zero
along the SU(2)-invariant line in the parameter space.
We have also neglected the less relevant terms coming
from the product of the smooth part of the currents in
equations (16) and (17).
Expanding the generating functional Z =´ ∏
i={1c,±}D [φi, θi] e−S[φi,θi] perturbatively at second
6order in Gi, we obtain the product of the different
operators (i.e., the operator product expansion or OPE)
of Eqs. (31), (32) and (33). Importantly, the OPE of
the Kondo interaction OK (z′, z′)OK (z, z) gives rise to
operators O3 and O2c, which are already present in the
charge sector of chain 1. This corresponds to an effective
dynamically generated Hubbard repulsion originated
by the inter-chain Kondo coupling (see Appendix A).
Therefore, even for an initially non-interacting chain
(i.e., U = 0), this emergent repulsive interaction induces
the opening of a Mott insulating gap in the charge sector
of the half-filled conduction band. At energies below this
gap, the field φ1c becomes pinned to the degenerate val-
ues 0 or pi√
2
. Note that only the latter is consistent with
the boundary conditions given in Eq. (14). Therefore,
this analysis suggests that the energy is minimized by a
uniform configuration of the field φ1c, which “freezes” at
the bulk value pi√
2
. While other configurations with kink
excitations connecting the different minima are certainly
possible, these configurations are more costly energet-
ically speaking and do not belong to the groundstate.
Therefore, energy minimization prevents the ground
state from developing “kink” excitations in the charge
sector and, consequently, we can exclude the presence
of localized charge edge-states. Then, at low enough
energies, the system becomes a Mott insulator in the
bulk due the electronic correlations, and no topological
effects arise in the charge sector.
A more quantitative study can be done by analyzing
the two-loop RG-flow equations (see Appendix A for de-
tails):
dG2c
dl
= G23 +
3
4
G2K , (34)
dG3
dl
= G2cG3 +
3
4
G2K , (35)
dGK
dl
=
GK
2
+
1
4
G2cGK +G3GK , (36)
where l = ln (a/a0) is the logarithmic RG scale. When
GK = 0 these equations reduce to the Kosterlitz-
Thouless ones corresponding to the charge sector of the
Hubbard model. They predict a charge gap which is ex-
ponentially small in U [36].
Let us now analyze the case of an initially U = 0. In
this situation, only the linear term survives in the right
hand side of Eq. (36), which expresses the relevance of
the operator OK , and gives rise to an exponential in-
crease of GK (l) with the RG scale l as GK (l) = G0Ke
l
2 .
As a consequence, the coupling G3 (l) in Eq. (35), rep-
resenting the Hubbard repulsion, also increases exponen-
tially G3 (l) = 34
(
G0K
)2 (
el − 1), from its initial value
G3 (0) = 0. This produces the anticipated Mott insulat-
ing gap ∆c in the charge sector. Its dependence with the
parameters can be obtained by the procedure described
in page 65 of Ref. [36]. We obtain ∆c ∼
(
G0K
)2 for small
enough JK . We could envisage that if U and JK would
be of the same order, the dominant contribution to ∆c
would come from the inter-chain Kondo coupling.
Following previous references [38, 47–49], we can
refermionize Eq. (25) noting that the scaling dimension
of the cosines in the square bracket exactly corresponds
to the free-fermion point and therefore they can be writ-
ten in terms of right and left-moving free Dirac fermion
fields η±,R (x) and η±,L (x) as
cos (2φ±) = −ipia
(
η†±Rη±L − η†±Lη±R
)
, (37)
cos (2θ±) = ipia
(
η†±Rη
†
±L − η±Lη±R
)
. (38)
For later purposes, it is more convenient to introduce
a Majorana-fermion representation of the fields η+,λ =
1√
2
(
ξ2λ + iξ
1
λ
)
, η−,λ = 1√2
(
ξ3λ + iξ
0
λ
)
, the Hamiltonian
can be compactly written as H = H0 +HK , where
H0 =
v1c
2pi
ˆ Lc
0
dx
[
(∂xφ1c)
2
K1c
+K1c (∂xθ1c)
2 − U cos
√
8φ1c
v1cpia2
]
− ivs
2
3∑
a=0
ˆ Lc
0
dx [ξaR∂xξ
a
R − ξaL∂xξaL] , (39)
HK = i
JKm2
2pi
ˆ Lc
0
dx cos
(√
2φ1c
)[
3ξ0Rξ
0
L −
3∑
a=1
ξaRξ
a
L
]
,
(40)
where the Majorana fields obey the boundary conditions
ξaR (0) = ξ
a
L (0) , (41)
ξaR (Lc) = ξ
a
L (Lc) . (42)
The uniform symmetric and antisymmetric spin densities
in the ladder become [47]
Maλ = J
a
1,λ + J
a
2,λ = −
i
2
abcξ
b
λξ
c
λ, (43)
Kaλ = J
a
1,λ − Ja2,λ = −
i
2
ξ0λξ
a
λ, (44)
with a = {1, 2, 3} and λ = {R,L}. This is a well-known
representation of two independent SU (2)1 Kac-Moody
currents J1,λ and J2,λ in terms of four Majorana fields
[47]. In our case, these four degrees of freedom, resulting
from the combination of the two SU(2) spin density fields
in the two chains, are expressed in terms of a singlet ξ0λ
and triplet ξaλ Majorana fields.
From the previous analysis we conclude that at temper-
atures T  ∆c, the charge and spin degrees of freedom
become effectively decoupled, and the low-energy Hamil-
tonian of the system can be written asH → H˜ = H˜c+H˜s,
7with:
H˜c =
v1c
2pi
ˆ Lc
0
dx
[
(∂xφ1c)
2
K1c
+K1c (∂xθ1c)
2
+
Ueffm
2
1
v1cpia2
(φ1c)
2
]
,
(45)
where, based on the discussion above Eq. (34), we have
expanded the charge field near the value φ1c = pi/
√
2,
and
H˜s =− ivs
2
3∑
a=0
ˆ Lc
0
dx [ξaR∂xξ
a
R − ξaL∂xξaL]
+ i
JKm2m1
2pi
ˆ Lc
0
dx
[
3ξ0Rξ
0
L −
3∑
a=1
ξaRξ
a
L
]
, (46)
where Ueff ≡ U (JK) is the renormalized Coulomb repul-
sion parameter and where the charge degrees of freedom
in the fermionic chain develop a gap m1 ≡ m1 (JK) =
〈cos (√2φ1c)〉. Note that, in this form, the spin Hamilto-
nian H˜s is similar to that of a spin-1/2 ladder [38, 47, 48].
The quantitative determination of the parameter m1 re-
quires a self-consistent calculation, which is beyond the
scope of the present work. Nevertheless, the previous
analysis allows to understand two important aspects of
the topological Kondo-Heisenberg chain: a) the genera-
tion of an insulating state in the bulk (necessary to re-
produce the bulk insulating state of a TKI), and b) the
emergence of magnetic edge-states, which is the subject
of the next section.
IV. S = 1/2 MAGNETIC EDGE-MODES AND
TOPOLOGICAL INVARIANT
The previous analysis shows that, at low temperatures
T  ∆c, the 1D “p−wave” Kondo-Heisenberg chain at
half-filling can be effectively mapped onto a spin ladder
problem, which is dominated by the staggered compo-
nents of the spin densities. Interestingly, for an antifer-
romagnetic Kondo coupling JK > 0, the negative sign
emerging from the structure of the non-local Kondo in-
teraction (24), effectively induces alocal ferromagnetic in-
teraction [see vertical dashed lines in Fig. 2(a)]. It is well-
known that the spin ladder with ferromagnetic exchange
coupling J⊥ < 0 along the rungs has a low-energy triplet
sector[38, 47, 48], which maps onto the Haldane spin-1
chain [55, 56]. Therefore, at temperatures T  J⊥, our
model describes the physics of the Haldane spin-1 chain,
which is known to host symmetry-protected topological
spin-1/2 modes at the boundaries [50–54, 57–60]. This
situation is also very reminiscent to the case of the ferro-
magnetic Kondo lattice [61–64]. To see how these spin-
1/2 boundary modes emerge in our low-energy Hamilto-
nian (46), we consider solutions of the eigenvalue equa-
tion H˜sΨa (x) = 0, where Ψa (x) = (ξaR, ξ
a
L)
T is a Majo-
+JK - JK 
(a) 
(b) 
S=1/2 
S=1/2 
S=1 
Figure 2. (a) At temperatures T  ∆c ∼ J2K , the dynam-
ically induced Mott gap, the charge degrees of freedom in
the Hubbard chain become frozen and the system maps onto
a ladder where the non-local antiferromagnetic Kondo cou-
pling effectively induces local ferromagnetic correlations be-
tween the spins in the ladder (vertical dashed lines). (b) The
system depicted in (a) can be mapped onto a S = 1 Hal-
dane chain, which supports topologically protected S = 1/2
end-states [38, 47, 48, 50–54].
rana spinor, and a = (0, 1, 2, 3) [38]. In matrix form, this
equation is
[−ivsτˆ3∂x +maτˆ2] Ψa (x) = 0, (47)
withma = −3JKm2m1/2pi for a = 0 [ma = JKm2m1/2pi
for a = (1, 2, 3)] and τˆi the Pauli matrices acting of
the right-, left-moving space. Eq. (47) admits solu-
tions of the form Ψa (x) ∝ exp (−maτˆ1x/vs) Ψa (0) and
one would think that in principle two normalizable so-
lutions in the limit x → ∞ could arise: 1) the choice
Ψa (0) = (1,−1)T with ma < 0, and 2) Ψa (0) = (1, 1)T
with ma > 0. However, note that only the last choice is
compatible with the boundary condition (41). Then, the
only physical solution localized around x = 0 corresponds
to the choice ma > 0, which in our case corresponds to
a = (1, 2, 3)
Ψa (x) ∝ ξae−max/vs
(
1
1
)
a = (1, 2, 3) , (48)
with ξa being a localized Majorana fermion. Using the
expression (43) for the smooth part of the spin density,
we can physically associate the presence of the localized
Majorana bound-state with a localized spin-1/2 magnetic
edge-state. This is consistent with the results in Ref.
[26] where, in the case of a uniform Kondo interaction, a
magnetic mode with no admixture with charge degrees of
freedom emerges at the boundaries. However, note that
the origin of these edge-states is quite different: while in
8the mean-field regime they emerge as a consequence of
Kondo-unscreened end-spins in the Heisenberg chain, in
our case they are intimately related to the physics of the
Haldane chain.
We now derive a topological invariant to characterize
the presence of the edge-states, using a suitable general-
ization of the concept of electrical polarization in 1D in-
sulators [65–70]. We therefore focus on the uniform mag-
netization Eq. (43). Although the original Hamiltonian
has spin-rotational symmetry, the Abelian bosonization
is not an explicitly SU(2)-invariant formalism. There-
fore, while the choice of axes is arbitrary due to the spin
rotation symmetry of the problem, once we define the
z−direction as the spin-quantization axis, the perpendic-
ular components of the magnetizationMx (x) andMy (x)
acquire a more complicated mathematical form. For that
reason, it is convenient to focus only on the z component
of the symmetric spin density Eq. (43)
Mz (x) =
∑
λ=L,R
Mz1,λ (x) +M
z
2,λ (x) ,
= − 1√
pi
∂xφ+ (x) . (49)
In the expression above, we have used Eq. (20) and
the definition of φ+ (x) = 1√2 [φ1 (x) + φ2 (x)]. We now
define the total magnetic moment along the zˆ−axis at
one end (for concreteness, the left end) of the chain as
mzT ≡ 1√pi
´ xb
0
dx Mz (x), where xb is an unspecified posi-
tion in the interior of the chain where the magnetization
reaches the value in the bulk. In bosonic language, it
acquires the compact form
mzT = −
1
pi
[φ+ (xb)− φ+ (0)] . (50)
From the expression of the bosonic Hamiltonian Eq. (25)
in the limit JK → ∞, we see that the system minimizes
the energy in the bulk by pinning the field φ+ (x) to one
of the degenerate values
φ+ (xb) = ±pi
2
. (51)
On the other hand, from the definition of φ± (x) =
1√
2
[φ1s (x)± φ2s (x)] and Eq. (13), the boundary con-
dition φ+ (0) = 0 is obtained. Replacing these values
into Eq. (50), we obtain the following quantized values
of the magnetic moment at the left end
mzT = ±
1
2
. (52)
This magnetic moment at the end of the chain is anal-
ogous to the electrical polarization [65–69] or the time-
reversal polarization [70] in 1D insulators. In particu-
lar, we note the close relation between our formula Eq.
50 and the expressions for the displacement operator ap-
pearing in Eq. (23) of Ref. [67], and for the time-reversal
polarization appearing in Eq. (4.8) in Ref. [70], both
given in bosonic language. Frome here, we can define a
Z2−topological invariant which characterizes the topo-
logical phase of the Kondo-Heisenberg chain
Q = (−1)2mzT /pi = ei2pimzT , (53)
which in the limit of an infinite system L→∞ is Q = −1
in the topological phase (JK > 0), and Q = 1 in the
trivial one (JK < 0).
The bosonic representation also provides an alterna-
tive way to demonstrate the existence of magnetic edge
modes. Since none of the degenerate values (51) of φ+ (x)
in the bulk satisfy the boundary condition at x = 0, we
conclude that a kink excitation necessarily must emerge
near the boundary in order to connect those values: pre-
cisely this kink excitation gives rise to the spin-1/2 end-
state, upon use of Eq. (49). We remind the reader that
in Section III, using similar arguments, we demonstrated
the absence of kink configurations in the charge field
φ1c (x), and the fact that there are no charge edge-states
in the ground state.
V. CONCLUSIONS
We have studied theoretically a model for a topologi-
cal 1D Kondo insulator (the 1D Kondo-Heisenberg model
coupled in the p-wave channel, with an on-site Hub-
bard interaction U in the conduction band) using the
Abelian bosonization formalism, and derived the two-
loop RG flow equations for the system at half-filling.
Our RG analysis shows that the system develops a Mott-
insulating gap at low enough temperatures, even if U = 0.
Moreover, the remaining spin degrees of freedom are ef-
fectively described by a ferromagnetic spin-1/2 ladder,
which in turn maps onto a spin-1 Haldane chain with
topologically protected spin-1/2 magnetic edge-modes.
This situation is reminiscent to the physics of the ferro-
magnetic Kondo necklace, which also maps onto the spin-
1 Haldane chain [61–64], although in our case it arises as a
result of the non-trivial structure of the Kondo coupling.
In contrast to three-dimensional bulk topological
Kondo insulators, where the mean-field approximation
is well justified and the system can be effectively de-
scribed in terms of non-interacting quasiparticles opening
a (renormalized) hybridization gap near the Fermi sur-
face [17, 19, 71], in one spatial dimension the presence
of strong quantum fluctuations cannot be ignored, and
one is forced to use different approaches. The Abelian
bosonization method allows to obtain a description of
the 1D TKI which is fundamentally different from the
mean-field picture. In the first place, the system de-
velops a Mott gap (instead of a hybridization gap) in
9the spectrum of charge excitations when the conduction
band is half-filled (small deviations from half-filling do
not affect this scenario qualitatively [36]). This Mott
gap arises from umklapp processes at second order in the
Kondo interaction. Physically, this can be understood as
a dynamically-induced effective interaction term, which
appears at order J2K in the conduction band by integrat-
ing out perturbatively short-time spin excitations in the
Heisenberg chain. In contrast to the mean-field descrip-
tion, where the hybridization gap depends exponentially
on the microscopic Kondo coupling ∆c ∼ exp (−1/JK),
the integration of the RG Eqs. (34)-(36) in the limit
JK → 0 results in ∆c ∼ J2K . Our RG analysis indicates
that JK is a relevant perturbation and flows to strong
coupling, dominating the physics at low temperatures.
In particular, at temperatures below the Mott gap, the
charge degrees of freedom are frozen and system effec-
tively behaves as a ferromagnetic spin-1/2 ladder, which
is known to map onto the spin-1 Haldane chain. There-
fore, our work allows to make an insightful connection
between two a priori unrelated physical models. Interest-
ingly, exploiting this connection, we predict the existence
of topologically protected spin-1/2 edge states. This
seems to correspond to the “magnetic phase” found by
Alexandrov and Coleman [26], which for a uniform Kondo
coupling JK , is characterized by Kondo-unscreened spins
at the end of the Heisenberg chain. However, the emer-
gence of these edge states, again corresponds to a very
different mechanism than the one provided by the mean-
field theory. Interestingly, within the bosonization frame-
work, we have been able to obtain a Z2 topological in-
variant [see Eq. (53)] in terms of the magnetization at
an end of the chain.
Our work opens the possibility to explore the physics
of broken Z2 × Z2 hidden symmetry and the existence
of a non-vanishing string order parameter Oαstring ≡
lim|l−m|→∞
〈
Sαl e
ipi
∑
l≤j<m S
α
j Sαm
〉
6= 0 (which are well-
known features of the Haldane phase [50, 51, 72]) in the
p−wave Kondo-Heisenberg model. In particular, note the
close relation between the Z2 topological invariant (53)
and the string-order parameter in bosonized form [see
Eq. (83) in Ref. [47]].
Furthermore, we reiterate that the model studied here
can be viewed as a non-trivial strongly-correlated gen-
eralization of the old Tamm-Shockley model [32, 33].
The latter is a prototypical one-dimensional model that
exhibits a topological phase transition and it can be
used to construct high-dimensional topological band in-
sulators [34]. Likewise, the strongly-correlated topo-
logical Kondo-Heisenberg model could potentially be-
come a building block in constructing higher-dimensional
strongly-interacting topological states – not adiabatically
connected to “simple” topological band insulators. Al-
though the physical realization of the 1D p-wave Kondo
lattice model studied here in solid-state systems might
be quite challenging, our results might have direct appli-
cation to ultracold atom experiments, where double-well
optical superlattices loaded with atoms in s and p or-
bitals have been realized [27, 28]. In such systems, one
can imagine the atoms forming ladders where one of the
legs corresponds to the s orbitals and the other to p or-
bitals (e.g., see Ref. [35]). The overlap between s and p
orbitals along the rungs vanish by symmetry, and there-
fore only the off-diagonal hopping tsp survives. Next, al-
lowing for an on-site repulsive Hubbard U ′ interaction in
the s-orbital leg (using, e.g., Feschbach resonances), one
can derive an effective p-wave Kondo lattice model in the
limit tsp/U → 0, introducing a canonical transformation
to eliminate processes at first order in tsp. At half-filling,
the s-orbitals are effectively described by SU(2) spins and
the Kondo parameter in our Eq. (3) becomes propor-
tional to JK ∼ t2sp/U . Therefore, the system can be
described by the model described in this work. Finally,
we mention in this context recent experimental results
[29–31], which suggest the existence of a magnetic phase
transition and/or suppressed surface charge transport in
select samples of Samarium hexaboride (SmB6 – a three-
dimensional topological Kondo insulator). It is possible
that these phenomena, which remain unexplained at this
stage, involve in a crucial way an interplay between band
topology and strong correlations, which conceivably may
lead to the formation of non-trivial magnetic topological
surface modes reminiscent to the edge states found here.
In a more general context, our results might be relevant
to other materials which belong to the same “Haldane
universality class”, thanks to the connection (unveiled in
this work) to the ferromagnetic Kondo lattice model. For
example, the organic molecular compound Mo3S7(dmit)3
at two-third filling, a promising candidate for a quantum
spin liquid, has recently been shown to be a realization
of the ferromagnetic Kondo lattice model at half-filling
[63, 64], and therefore it should realize a Haldane phase
with magnetic end-modes at low temperatures.
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Appendix A: Dynamically-generated interactions
and derivation of the renormalization group
equations
In this Appendix we derive an effective action for the
system and the renormalization-group (RG) equations
(34-36). The idea is to show that umklapp processes,
which mimic a repulsive interaction among electrons in
the half-filled conduction band, arise at orderO (J2K) and
open a gap in the charge sector of the model. To that
end, we expand the generating functional of the system
(i.e., the partition function) up to second order in the
coupling constants Gα following Refs. [73, 74]
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Z
Z0
=
1−∑
α
Gα
a2−∆α
ˆ
d2r 〈Oα〉0 +
1
2
∑
α,β
GαGβ
a4−∆α−∆β
ˆ ˆ
|r−r′|>a
d2rd2r′ 〈Oα (r)Oβ (r′)〉0 + ...
 (A.1)
indexes α and β run on 2c, 3 and K. Here, ∆α is the scaling dimension of the operator Oα defined in Eqs. (31-33)
(∆3 = ∆2c = 2, ∆K = 32 ), Z0 =
´ ∏
i={1c,±}D [φi, θi] e−S0[φi,θi] is the generating function of the free theory, and the
mean values 〈. . . 〉0 correspond also to that theory. This formalism is standard in the analysis of 1D quantum systems,
and has been applied in several previous works (see for example Ref. [75] where the method is explained in detail).
The third term of the r.h.s. in Eq. (A.1) takes the same form as the second one if we assume that for r → r′ the
product of two operators fulfills the following operator product expansion (OPE) property [73, 74] :
Oα (r)Oβ (r
′) =
∑
γ
Cγαβ
Oγ
(
r+r′
2
)
| r − r′ |∆α+∆β−∆γ + more irrelevant operators. (A.2)
where Oγ includes all the operators generated from each OPE.
Let us focus on the OPE between two OK operators, which is the most relevant perturbation in the RG sense, and
is precisely the contribution that leads to the umklapp processes we are trying to describe. To simplify the discussion,
here we return to the representation of the bosonic fields in terms of left and right movers φL (z) and φR (z¯) [see Eq.
(8)], with z = vF τ + ix and z¯ = vF τ − ix. We now assume to be sufficiently deep in the bulk of the 1D system and far
away from the boundaries. In these conditions, the boundary conditions (9) and (10), and the commutation relation
(11) can be effectively neglected, and the fields φL (z) and φR (z¯) become independent (i.e., they do not mix). This
allows us to focus only on the processes involving the left-moving field φL (z)(for right-moving fields we just need to
change L→ R and z → z¯) . The basic OPE we need is
: eiλφL(z) : : eiλ
′φL(z′) : =
(
2pi
L
)λλ′
2
: ei(λ+λ
′)φL(z′)
[
1
(z − z′)−λλ′
+
iλ∂z′φL (z
′)
(z − z′)−λλ′−1
+ ...
]
: (A.3)
which was obtained by normal-ordering the rhs expres-
sion and then developing for z′ near z. Through repeated
use of this expression we obtain the desired OPE which
reads:
OK (z, z)OK (z
′, z′) =− 3
4pi
O3
| z − z′ | −
3
4pi
O2c
| z − z′ |
+
3
4pi
O−
| z − z′ | −
1
4pi
O+
| z − z′ | ,
(A.4)
where we have defined the operators O± ≡
1
4pi∂zφ±R∂zφ±L [which also appear in the z-component
of the product of the right and left smooth-varying
spin currents, in the first two lines in Eq. (3.8) of
Ref. [45]]. Note that these terms break the SU(2)
invariance of the model. This is a well-known feature
of the Abelian bosonization prescription, which is not
explicitly SU(2)-invariant formalism [36, 37]. This
means that one has to keep track of all contributions to
recover the SU(2) invariance and, vice versa, neglecting
irrelevant operators [as we did to obtain the action
in Eq.(26)] might result in apparent inconsistencies
in the formalism. In our case, this problem has no
consequences for our purposes because the operators O±
renormalize the couplings of the marginal contributions,
which we in any case we have neglected in relation to
the relevant contribution ∼: N1 · N2 :. Therefore, we
will not consider these operators.
On the other hand, the first line in Eq. (A.4) is physi-
cally more interesting, as the operators O3 and O2c were
already present in the action (28) corresponding to the
Hubbard model. If we insert (A.4) into (A.1), change
variables as rˆ = r− r′ and R = r+r′2 and integrate over rˆ
imposing a cutoff of order a, we obtain an expression that
renormalizes the first order contribution. We identify the
effective coupling for operators O2c and O3 as:
Gˆ02c = G
0
2c +
3
8
G2K (A.5)
and the same for Gˆ03. Therefore, we have shown that the
interchain Kondo coupling generates an effective Hub-
bard repulsion Ueff = 3a8
(JKm2)
2
pivF
in the conduction
chain. The equation above can be physically interpreted
as umklapp processes (generated by integrating out fast
spin fluctuations in the Heisenberg chain at second order
in the interchain Kondo coupling) which mimic the effect
of an interaction in the conduction band.
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To determine the actual dependence of the charge gap
∆c with respect to the parameters of the model, we need
to derive the RG flow equations. This is achieved follow-
ing similar step as in the previous paragraphs. The main
idea is that the theory defined with a microscopic cutoff
a should remain invariant under a scaling transformation
a→ a (1 + dl), where dl is a dimensionless infinitesimal.
Therefore, the couplings Gα (a) in Eq. (A.1) must be
changed in such a way that they preserve the generat-
ing functional, i.e., Z [a] = Z [a (1 + dl)]. The method is
standard and we refer the reader to Ref. [73] for details.
The renormalization group flow equations can be written
in terms of the coefficients Cγαβ as
dGγ
dl
= (2−∆γ)Gγ − pi
∑
αβ
CγαβGαGβ , (A.6)
where the coefficients C2cKK = C
3
KK = − 34pi are extracted
from Eq. (A.4). The remaining coefficients are obtained
by the OPEs between the corresponding operators. Fol-
lowing the lines of Ref. [39] we obtain straightforwardly:
C32c 3 = −
1
2pi
, C2c3 3 = −
1
pi
CK2c K = −
1
8pi
, CK3 K = −
1
2pi
(A.7)
Inserting these values in Eq. (A.6) we obtain Eqs. (34)-
(36) in the main text.
